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We perform a study of the doubly virtual Compton scattering off a spinless target y*P — > y*P' 
within the Anti-de Sitter(AdS)/QCD formalism. We find that the general structure allowed by 
the Lorentz invariance and gauge invariance of the Compton amplitude is not easily reproduced 
with the standard recipes of the AdS/QCD correspondence. In the soft-photon regime, where the 
semi-classical approximation is supposed to apply best, we show that the measurements of the 
electric and magnetic polarizabilities of a target like the charged pion in real Compton scatter- 
ing, can already serve as stringent tests, and presumably exclude results based on the AdS/QCD 
correspondence in its minimal version. 
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1. Introduction 

The AdS/CFT correspondence [1] postulates a relation [2,3] between weakly coupled string 
theories living in the bulk of an anti-de Sitter (AdS) space and strongly coupled conformally invari- 
ant field theories defined on its boundary, based on the formal identification of the conformal group 
of the 4-d Minkowski space and of the isometry group of AdSs. The efforts within the so-called 
AdS/QCD approach rely on the assumption that the AdS/CFT dictionary can still describe the 
strong coupling regime of a confining gauge theory like QCD, despite the breaking of conformal 
invariance by radiative corrections. 

We here report on recent results obtained in the study of the Virtual Compton scattering off a 
spinless target [4]. We show that the obtained amplitude does not satisfy the expected scaling for 
large photon virtualities. At low energy, the obtained electric and magnetic polarizabilities vanish, 
in contradiction with the latest experimental results. 



2. Gauge/Gravity duality 

The AdS/CFT correspondence conjectures a relation between a IIB string theory compactified 
on AdSs x S 5 and a J/ = 4 super- Yang-Mills theory. The operator in CFT & (x) creating asymptotic 
states is coupled to the source <j>o{x), which is the boundary value of the bulk field <j>(x,z) l . Both 
generating functions in CFT and AdS are related through: 



Z CFT [fo] = (e! d4x ^^)cFT=Z ; 



string 



0(X,Z) = 00 (x) 



(2.1) 



The 5d metric with Lorentz group 50(1,3) as isometry subgroup reads (with r\ =diag(— 1, 1,1,1,1)) 
ds 2 =a 2 {z){dx ll dx^+dz 2 ) , g m " = g m l n=a- 2 (z)ri mn , m = 0,l,2,3,4. (2.2) 

In the AdS 5 metric, a(z) = R/z (negative curvature, corresponding to a negative cosmological con- 
stant), — g = R 5 /z 5 (R = l from now on). The UV limit z — > z m in is the CFT boundary. The field 
content is made of a 5d vector U{\) field A m (x,z), dual to the electromagnetic current, and a 5d 
massive scalar field <&(x,z) dual to an operator creating the spinless target. 

In the large N and large 't Hooft coupling X = gy M N limit, the IIB string theory reduces to a 
IIB SUGRA theory in 10 dimensions, when R 4 /l 4 ~ g s N ~ g\ M N > 1, R being the AdS 5 and S 5 
radius and l s the string length. In that limit g s <C 1 and R 3> l s the string theory reduces to classical 
SUGRA with decoupling of massive string excitations. 

The conformal invariance breaking due to QCD confinement can be introduced by an IR cut- 
off at z = 1/A [5] ("hard-wall" model) or by a background dilaton field % [6] ("soft-wall" model), 
used here 2 . The action for <1> in this % background reads 

S<s> = ^j d 4 xdz V^ge~ X {g ij di®dj® + m|<I> 2 ) . (2.3) 

The classical free field equation exhibits plane-wave solutions in 4d space: <&(°)(jc,z) =e ! > x 4>( z ) 
where {4>„(z) , n G N} is a complete set of Kaluza- Klein (KK) solutions. The Fourier transform of 
1 We denote by x (or just x) the 4d- vector, and z the holographic direction. 

2 Both approaches reproduce qualitatively the spectra of low lying hadron states and various decay and coupling 
constants [7]. 



2 



Virtual Compton Scattering off a Spinless Target in the AdS/QCD correspondence 



S. Wallon 



the obtained Green function is a bulk to bulk propagator with an explicit Kallen-Lehman spectral 
representation when summing over the KK excitations: 

G(z,z ,p) = ~L — 2 — ^ • 
The action of a classical solution leaves only the boundary term. The classical partition function 

Z 5D [<S> S \= ( e iS W oc e iS ^, (2.4) 

combined with the holographic identification of two-point functions from AdS to CFT leads to 

Z[9 S \ d9 s {x)d9 s {x) (27r)V-oo ~ Q p z +mi-iE 

From a minimal extension of the action ( |Q| ) though a dynamical U(l) bulk field coupled to <I> 

S Ads [^\A"'} = J ' d A xdz^g~(y- l -F mn F mn + e-x ((D m <i>yD m <S> + m 2 <S>*<S>)^ , 

with D„<I> = d n <& — ieA n <t>, the n— point correlation functions are obtained by the correspondence 

Z QCD (c,c,n + n) = ^exp^ d 4 x (n M icO + cO^ (2.6) 

= exp f-5f ds [$(c),$*(c),A m (n /i + «„)]) (2.7) 



where c,c,n + n are 4d sources for QCD which appear as boundary conditions for the 5d bulk fields. 
Correlation functions of QCD operators are obtained by an expansion to linear-order with respect to 
the sources. QCD operators are coupled to asymptotic states which are boundary conditions of nor- 
malizable bulk fields $w, <J>*(°) (scalar probe). The electromagnetic current is dual to a massless 
non-normalizable 5d vector field A m (x,z) which satisfies Maxwell equation d m {z F mn ) = 0,Vra. 
Plane- wave solutions read (with the condition lim A(z) = 1) 

A^x,z) = n^e iq - x A(z), A z (x,z) = e iqx A (z) , n 2 = \ (2.8) 

in the Lorentz-like gauge, with An(z) = — i(q ■ n)/q 2 d z A(z) and A(z) = QzK\ {Qz) (Q 2 = q-q) . 

Evaluating the y^*<A — > y^>A' Compton scattering amplitude on a spinless, or spin-averaged 
target requires to study a 4-point function, the first non-trivial correlator involving the propaga- 
tion inside the bulk 3 . Based on (^), one should extract the coefficient of cn^n v c . This is done 
by solving iteratively the coupled classical equations in terms of the free bulk fields A™, <J>*(°), 
<J>(°) . One then deduces the classical action, up to e 2 . The boundary condition at z = for A^°\ 
<J>*(°) ; <J>(°) aj-g n^+ii^, c, and c, which enter in a linear way in these free fields: the cn^n v c and 
A(°)a(°)<I>*( )<I>( ) coefficients are equal. Contracting the result on the physical plane wave bound- 
ary conditions for A^ (non-normalizable), <J>*(°), <J>(°) (normalizable) gives the contributions: 

X x A, 

contact term ^-channel diagram w-channel diagram 



3 Deep Inelastic Scattering only involves 3-point functions when evaluating matrix elements of the (7(1) current on 
a given set of intermediate states in AdS. 
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3. Compton scattering off an unpolarized target A y k {q\)+P{p\) -» 7* (#2) +P(pi) 

Choosing q\, q 2 and p = p\ +P2 as the three independent momenta, the 10 independent parity- 
conserving tensors of rank 2 reduce to 5 after implementing the electromagnetic gauge invariance: 



?! <?2 ~~~~ «f?2 / V" "* <?t / V <?2 

\ \7 ( /* m(<7H72)\ / v v fol-^) ^ . „ / „ /i fc-glA f v y (gl-g2) 

+ v 5 f^-^^#) (>-<£^#) =iv i (pi P l q l q ls,u)rr(p^,q2).(3.i) 
v q\ J \ q% J 1=1 

The DVCS amplitude reduces to the Virtual Compton Scattering amplitude (VCS) when the pro- 
duced photon is real, and is expressed in terms of 3 independent form factors. When additionally 
the incoming photon is real, the Real Compton Scattering amplitude depends only of 2 form factors. 

One can now rely on the AdS/QCD correspondence to evaluate these amplitudes. In the on- 
shell limit (p 2 = p\ = —m 2 ), the gauge-invariant amplitude (3T) reduces to 

t^ v = e 2 (2 % y^ + v + (yf v + yf v ) + ^ {y£ v + r/ v ) ) 

^±(m 2 ,q 2 ,ql,s,u) = &\ (m 2 ,q],q\,s)± &\ (m 2 ,q\,q 2 u u) , (3.2) 

and is thus expressed in terms of only 3 Compton form factor out of a possible 5. The form factors 
^\{m 2 ,q\,q\,k ) and ^(mr ,q\,q\) obtained from the AdS/QCD correspondence read (similar 
results were obtained within the hard wall model in Ref. [10]) 

JTj (m 2 ,q 2 ,qlk 2 ) =JJ d Zl dz 2 zr 3 ^ (Zl) Ai(zi)$ ; (zi)Go(zi,Z2^ 2 )$y (Z2)A^(z 2 )z 2 3 ^ fa) ,(3.3) 

Vi{m 2 ,4i,ig) = y"dzz- 3 e-*«Ai(z)A|(z)*i(z)*/( z )- (3 " 4) 
The &\ form factor has a natural Kallen-Lehman spectral representation 

* (m ' <?1 '* 2 '* ) = £ k 2 + m 2 -ie ' (3 " 5) 

r(m 2 ,m 2 n ,Q 2 ) = qJ dzz^e-^K^Qz^UzWniz) . (3.6) 

The vertex function T reduces to the electromagnetic form factor when m 2 = m 2 . Starting from the 
on-shell Compton amplitude (3.2), its absorptive part in the forward limit 

„2\ - 1 



|r( m 2 ,- s , 9 2 )| 2 (p" + i,"J (p* + \q" ) 13.71 



gives the hadronic tensor of Deep Inelastic Scattering (DIS), showing that only Fl survives, in 
contradiction with Callan-Gross relation. The scaling properties are governed by Y(m 2 ,m 2 ,Q 2 ): 

r(m 2 ,ml,Q 2 ) « / 1/2 *^W$( Z )$*( Z ). (3.8) 
Jo z 
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For Q 2 ^>m 2 , Q 2 > m 2 , the scaling of the hadron state (z) ~ z A (A is the scaling dimension of the 

z-s-0 

operator creating the spinless hadron) leads to F2(Q 2 ,x) °< {l/Q 2 ) A ~ l calling for A = 1 , while for 
m 2 , m 2 , the scaling properties <j>(z) ~ z A and0„(z) ~ z A lead toF r (<2 2 ) °< (1/<2 2 ) A 'calling 

z^O 

for A = 2 [9]. This generic AdS/QCD tension due to the same scaling obtained for structure func- 
tion and form factors is impossible to reconcile with a partonic picture in a simple way [8]. 

The VCS amplitude for y*A — > jA' has the same tensorial structure as point-like scalar electro- 
dynamic and depends on a single electromagnetic form factor ^(m ,qf,0) (|3!4|). In perturbative 
QCD, these form factors can in principle be related, through factorization, to generalized par- 
ton distributions (GPDs). The partonic interpretation is based on the convolution of real GPDs 
with coefficient functions which contain both a real and an imaginary part. In contrast, the above 
holographic DVCS amplitude has no absorptive part, while it is seen experimentally (through in- 
terference with the Bethe-Heitler amplitude). This may call for stringy corrections. Besides, the 
asymptotic behavior in Q 2 of the holographic DVCS cross-section is governed by the power-law 
behavior of the electromagnetic form factor, while it is expected to scale like DIS amplitude. 

The Real Compton scattering (q 2 = q\ = 0) amplitude provides informations on electric and 
magnetic static polarizabilities Cfe and (Xm, defined as quadratic coefficients (in the photons ener- 
gies) in corrections to Thomson scattering, defined in lab-frame p\ = (qi = £0,(1, qi), CO 2 <C m 2 ) 

A(yn -> yn) = 2<? 2 if ■ ~t 2 + %nm n coi oh (a £ if • it + Pm (£1 x qi) ■ (it x q 2 )) . (3.9) 

The holographic Compton amplitude leads to vanishing static polarizabilities (Xe and (Xm, in con- 
tradiction with the most recent experimental values for the pion [11]. One way to circumvent this 
problem would be to consider a non-minimal coupling between the bulk field <I> and the U(l) field. 

To conclude, AdS/QCD Compton amplitude is trivial in the low-energy limit. It has no par- 
tonic interpretation in the high-energy limit. Most popular AdS/QCD models incorporating flavor 
symmetry do not cure all the problems. 

Work supported in part by the grant ANR-06-JCJC-0084. 
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